Enrich, X11(1): 16 - 20, July — Dec., 2020
2 —Total Difference Cordial Labeling for Some Zero-Divisor Graphs
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Abstract: Let G = (V, E) be a graph. A function f:V(G) - {0,1,2, ..., k — 1} be a map where
k €N and k > 1. For each edge uv assign the label |f(u) — f(v)|. f is called k-total
difference cordial labeling of G if |tdf(i) - tdf(0)| <1, i,je{0,12,..,k—1} where
tqr(x) denotes the total number of vertices and labelled with x. A graph which admits k-total

difference cordial labeling is called k-total difference cordial graphs. In this paper we probe
into some of the zero-divisor graph for the 2-total difference cordial labeling.
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1. Introduction

There are two variations of the zero-divisor graph. One is in the Beck definition in the
year 1988, in which the vertices represent all elements of the ring [2]. In the year 1999,
Anderson and Livingston slightly varied the graph, in which the vertices represent only the
zero-divisor of the given ring [1]. Graph labeling was introduced by Alexander Rosa in the
year 1967[4,11]. Rosa identified three types of labeling which was later renamed by Solomon
Golombl[4]. Further developed by Grahamm and Slone in 1980[5]. In the field of Engineering
and technology labelled graphs has its own application. Cordial labeling was introduced by
Cahit [3] as a weaker version of graceful and harmonious labeling of graphs, which was later
extended by Hovey [6]. In [7], Ponraj et al. introduced a new labeling called difference cordial
labeling. In [7 8 9 10 11], difference cordial labeling behavior of several graphs like path,
cycle, complete graph, complete bipartite graph, bistar, wheel, web and some more standard
graphs have been investigated. Seoud and Salman [13], studied the difference cordial labeling
behaviour of some families of graphs and they are ladder, triangular ladder, grid, step ladder
and two sided step ladder graphs etc. In this paper we have investigated for the some of the
zero-divisor graphs.

2.Preliminaries

Definition 2.1 Zero-Divisor Graph

Let R be a commutative ring with identity 1 and let Z(R) be its set of zero-divisors. We
associate a I'(R) to R with vertices Z* = Z(R) — {0}, the set nonzero zero-divisor of R, and
for distinct x,y € Z(R)", the vertices x and y are adjacent if and only if xy = 0. We denote
their zero-divisor graph of R by I, (R) if we take vertex set as Z (R). InT,(R), the vertex 0 is
adjacent to every other vertex. T'(R) is a induced subgraph of T, (R).

Definition 2.2  2-Total difference cordial labeling

Let G = (V,E) be a graph. A function f:V(G) - {0,1,2, ..., k — 1} be a map where k € N and
k > 1. For each edge uv assign the label |f(u) — f(v)|. f is called k-total difference cordial
labeling of G if |tdf(i) — tdf(0)| <1,i,j€{012,..,k— 1} where t;r(x) denotes the total



2 —Total Difference Cordial Labeling for Some Zero-Divisor Graphs 17
number of vertices and labelled with x. A graph which admits k-total difference cordial
labeling is called k-total difference cordial graphs.

In this paper results has been proved for 2-Total difference cordial labeling for some zero-
divisor graphs.

3. 2-Total difference cordial labeling

Theorem: 3.1 The zero-divisor graphI'(Z,,), p =3 be a prime number admits 2-total
difference cordial labeling.

Proof: Let graph G = T'(Z,,) and p = 3 be a prime number.

The vertex setof G isV(G) = {xl,xz, ...,xp_l,xp} ={24,..2(p —1),p}

Theedge setof G is E(G) = {x;x,/1 <i<p—1}

V)l =p:|E(@|=p—-1

Define a function f:V(G) - {0,1} such that f(x;)) =01 <i<p—1and f(x,) =1
and the edge x;x,, assigns the label f(x;x,) = [f(x) = f(x)[; 1<i<p-—1.

The total difference of 0 £;7(0) =p — 1.

The total difference of 1 t4¢(1) = p.

Therefore |t,r(1) — t4;(0)| = Ip — p + 1| = 1, since it satisfies the condition.
Therefore the graph G admits 2-total difference cordial labeling.

Theorem: 3.2 The zero-divisor graph I'(Z3,), p > 3 be a prime number admits 2-total
difference cordial labeling.

Proof: Let graph G=T'(Z3,) and p > 3, be a prime number.

The vertex set of G is V(G) = {ty, t5, %1, X3, X3, ., Xp_1} = {P, 2P, 3,6,9, ...,.3(p — 1)}
Theedgesetof GiSE(G) = {t;xj/1<i<2,1<j<p-—1}
V@l =p+1;EQ)]=2p~2.

Define f:V(G) — {0,1} such that

£ ={oifi = omaga i1 =22 a0 () = [} = ooz 157 <P =1

and the edge ¢;x; assigns the label f(t;x;) = |f(t) — f(x))|;1<i<2and1<j<p-1

The total difference t;(0) = %.

The total difference of 1 4, (1) = 22—,

Therefore |t,r(1) — t4(0)] = % — %| = 0, since it satisfies the condition.

Therefore the graph G admits 2-total difference cordial labeling.

Theorem: 3.3 The zero-divisor graph I'(Zs,), p = 3 be a prime number admits 2-total
difference cordial labeling.
Proof: Let graph G = I'(Zs,,), p = 3 be a prime number.
The vertex set of G is V(G) = {ty, t,, t3, tg, X1, X3, X3, oo, Xp_1}
={p, 2p, 3p, 4p, 5,10,15, ...,5(p — 1)}
Theedgesetof GiSE(G) = {t;xj/1<i<4,1<j<p-—1}
V(@ =p+3;|EG)] =4p -4
Define f: V(G) — {0,1} such that
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_(Lif i = 1mod2 0if i =1mod2 .
flt) = {Olfl:2m0d2’ 1ifi§0mod2’1£]£p 1

and the edge ¢;x; assigns the label f(t;x;) = |[f(t;) — f(x)|;1<i<4and1<j<p-1.

The total difference t,((0) = E

1<i<4and £(x) =

The total difference of 1 t47(1) = p—_l

Therefore [t (1) — t4r(0)] = Sp Y _rt

Therefore the graph G admits 2- total difference cordial labeling.

| = 0, since it satisfies the condition.

Theorem: 3.4 For the prime number p,q = 3 and p < q and p # q the zero-divisor graph
['(Z,4) admits 2- total difference cordial labeling.

Proof: Let graph G =T'(Z,,), p,q = 3 and p < g and p # q where p, q are prime numbers.
The vertex set of G can be partitioned in to two sets V;(G) and V,(G)

(G) = {xl,xz,x3, -":xq—l} ={p,2p,..,(q — Dp}

Vo(G) = {1tz t3, o tp_1} = {4, 29,3, ..., (p — g}

Theedgesetof GiISE(G) = {x;tj/1<i<q—1land1<j<p-—-1}

V(G)| =p+3;|EG)| =4p -4

Define f: V(G) — {0,1} such that

PO ={g1 = amoap i 1 STSa=1 a0 £(6) = {{F{ S gmogyt 15T <P 1
And the edge x;t; assigns the label f(x;t;) = |[f(x) — f(t)|;1<i<q—-land1<j <
p—1

The total difference t;(0) = pa-1

The total difference of 1 ¢, (1) = %_1.

Therefore |, (1) — t4r(0)| = |%_1 - %‘1 = 0, since it satisfies the condition.

Therefore the graph G admits 2-total difference cordial labeling.

Theorem: 3.5 For any prime number p > 3, the zero-divisor graph I'(Z, x Z,,) admits 2-
total difference cordial labeling.
Proof: Let graph G = l“(Z2 X Zp), p = 3 be a prime number.
The vertex set of G is V(G) = {xy, x5, X3, ..., Xp_1, t}
={(0,1),(0,2),(0,3),...,(0,p — 1),(1,0)}
Theedgesetof GISE(G) ={x;t/1<i<p-—1}
V(O =p;E@|=p-1.

Define f: V(G) — {0,1} such that (x;) = {1 if i = 0mod2

0if i =1mod2’
the edge x;t assigns the label f(x;t) = |f(x) —f(®)]; 1 <i<p-—-1.

The total difference t;0(0) = p

The total difference of 1 t46(1) =p — 1.

Therefore |t,r(1) — t4;(0)| = Ip — 1 — p| = 1, since it satisfies the condition.
Therefore the graph G admits 2-total difference cordial labeling.

;1<i<p-—1andf(t) =0and
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Theorem: 3.6 The zero-divisor graphs T'(Z,) + I'(Z4), p = 3 be a prime number admits 2-
total difference cordial labeling.

Proof: Letgraph G = I'(Z,,) + I'(Z,), p = 3 be a prime number.

The vertex set of G is V(G) = {xy, x2, X3, .., Xp—1, %, t} = {2,4,6,...,2(p — 1),p, 2}
where 2 € Z,.

The edge setof G is E(G) = {x;t, xpx;, xpt/1<i<p—1}.

V)| =p+1;[E(G)]=2p-1

Define f:V(G) — {0,1} such that

f©) =1; fx) _{(1) i;i N (1’2333 1<i<p-1landf(x,)=0,

and the edge x;t, x,x;, x,t assigns the label f (x;t) = |f(x;) — f(O)I;

f(x'xp) = |f(xl) _f(xp)l' 1<i<p- 1-f(xpt) = |f(xp) _f(t)|;

The total difference t,r(0) = 3p !

The total difference of 1 tdf(l) =2

Therefore |t (1) — t4(0)]| =
Therefore the graph G admits 2-total difference cordial labeling.

_ |3P+1_ Elidn 1)| = 1, since it satisfies the condition.

Theorem: 3.7 The zero-divisor graphs I'(Z,) + I'(Zg), p = 3 be a prime number admits 2-
total difference cordial labeling.

Proof: Let graph G = I'(Z,,) + I'(Zs), p = 3 be a prime number.

The vertex set of G is V(G) = {xy, X3, X3, ., Xp—_1, %p, S, t, u} = {2,4,6,...,2(p — 1),p,2,3,4}
where 2,3,4 € Z,.

The edge set of G is E(G) = {x;s, x;t, xju, XpX;, XpS,Xpt, xpu,st,tu/1 <i <p—1}.
V(@) =p+3;[E(G)]=4p+ 1.

Define f:V(G) ={0,1} such that f(s) =0, f(t) =0, f(w) =1,

_(lifi=1mod2 ) B
f(xi)_{Oifi50m0d2,1313p—1and flx,)=1.

and the edge x;s, x;t, x;u, xpX;, X,S,xpt, x,u,st, tu assigns the label

fOat) = 1f ) = fFQOL fGas) = 1f ) = ] ) = 1) — f(w

flrixp) = |fC) = )l 1< i<p =15 (1) = |f () - FO;

flaps) = |f(xp) = FS; fFpu) = |f () = FQ; f(st) = If(s) = F(O);

fw) =1f@®) - fl.

The total difference t;(0) = 2p + 1.

The total difference of 1 t46(1) = 2p + 2.

Therefore |t,r(1) — t4;(0)| = 12p + 2 — (2p + 1)| = 1, since it satisfies the condition.
Therefore the graph G admits 2-total difference cordial labeling.

Theorem: 3.8 The zero-divisor graphs I'(Z,) + I'(Z), p = 3 be a prime number admits 2-
total difference cordial labeling.

Proof: Let graph G = I'(Z,,) + I'(Zy), p = 3 be a prime number.

The vertex set of G is V(G) = {xy, x2, X3, ..., Xp—1, %}, 5, t} = {2,4,6, ...,2(p — 1),p, 3,6}
where 3,6 € Z,,.
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The edge set of G is E(G) = {x;5, x;t XpX;, XpS,Xpt,st/1<i<p—1}
V(& =p+2;|EG)]| = 3p.
Define f:V(G) - {0,1} such that f(s) = 1, f(t) = 0,
F60 ={g1f 1 = omods
and the edge x;s, x;t xpx;, x,S,x,t,st assigns the label
fGgs) = 1f () = F) fFOqt) = 1f(x) — FQOI;
flaxp) = [f G = fOp)[ 1< i< p =15 fxp5) = [f () = F(5)];
fxpt) = |f(xp) = F®; f(s) = f(s) = FOI.

3p+1

The total difference t;(0) = T

The total difference of 1 t4,(1) = 22,

2
Therefore |t (1) — ta(0)]| = |$ - (%

Therefore the graph G admits 2-total difference cordial labeling.

1<i<p-1land f(x,) =1

)| = 1, since it satisfies the condition.
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